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Abstract
Recently, Stanley [Longest alternating subsequences of permutations, preprint, arXiv/0511419v1] studied the length of the longest
alternating subsequence of a permutation in the symmetric group,where a sequencea, b, c, d, . . . isalternating ifa >b<c>d < · · ·.
In this paper, we extend this result to the case of k-ary words. More precisely, we ﬁnd an explicit formula for the generating function
of the number of k-ary words of length n according to the length of the longest alternating subsequence.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let Sn be the symmetric groupof permutations of 1, 2, . . . , n and let=12 . . . n ∈ Sn.An increasing subsequence
of  of length  is a subsequence i1i2 · · · i satisfying i1 < i2 < · · ·< i . Several authors studied properties of
the length of the longest increasing subsequence isn() of a permutation .1 Logan–Shepp [11] and Vershik–Kerov
[14] showed that the asymptotic expectation E(n) of isn() satisﬁes E(n) = 1n!
∑
∈Sn isn() ∼ 2
√
n when n → ∞.
Recently, Stanley [13] developed an analogous theory for alternating subsequences, i.e., subsequences i1i2 · · · i of
 satisfying i1 > i2 < i3 > i4 < · · · i . He proved that the mean of the longest alternating subsequence asn() of a
permutation  ∈ Sn is 4n+16 for n2, and the variance of asn() is 845n − 13180 for n4.
Let [k] = {1, 2, . . . , k} be our canonical totally ordered alphabet on k letters, and consider the set [k]n of n-letter
words over [k] (see [6,7]). Let  = 12 · · · n ∈ [k]n be any k-ary word of length n. In this paper we develop
an analogous theory for alternating subsequences in k-ary words, i.e., subsequences i1i2 . . . i of  satisfying
i1 > i2 < i3 > i4 < · · · i . Denote the longest alternating subsequence of  by asn,k(). Our main result (Theorem
2.4) can be formulated as follows. The generating function for the number of k-ary words  of length n having
asn,k() = m is given by
∑
n1
∑
m1
∑
∈[k]n, asn,k()=m
qmxn = q(1 − x − u + xuq)(u
k − 1)
1 − x − u + xuq2 − q(1 − x)(1 − u)uk , (1)
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where u= 2−2x+x2−x2q2+
√
(2−2x+x2−x2q2)2−4(1−x)2
2(1−x) . As a consequence of this formula we ﬁnd that the mean (n, k)=
1
kn
∑
∈[k]n asn,k() and the variance (n, k) = 1kn
∑
∈[k]n(asn,k() − (n, k))2 are given by
(n, k) = (k + 1)k
3 + kn+1((k − 2)(k + 1) + 2n(2k − 1)(k − 1))
6(k − 1)kn+2 ,
(n, k) = (k + 1)(−5(k + 1)k
5−2n + 2k3−na1 + a2)
180k3(k − 1)2 ,
where
a1 = −2k4 + 9k3 + 3k2 − 16k + 10 + (k − 1)(k3 − 5k2 − 14k + 10)n,
a2 = −k(k − 2)(13k2 − 13k + 2) + 4k(k − 1)(4k − 3)(2k − 1)n.
In particular, limk→∞ (n, k) = 4n+16 , n2, and limk→∞ (n, k) = 845n − 13180 , n4, which are the same as the mean
and variance, respectively, of longest alternating subsequence in the set of permutations of length n.
2. Longest alternating subsequence
In this section we study the generating function for the number of words  ∈ [k]n having asn,k()=m. To do that let
bsn,k() be the length of the longest subsequence i1i2 . . . i of  satisfying i1 < i2 > i3 < i4 > · · · i . Denote
the set of k-ary words  ∈ [k]n having asn,k()=m (resp. bsn,k()=m) byAmn,k (resp.Bmn,k). Clearly, the complement
map 12 · · · n → (k + 1 − 1)(k + 1 − 2) . . . (k + 1 − n) gives the following lemma.
Lemma 2.1. The number of k-ary words  of length n having asn,k() = m and 1 = t equals the number of k-ary
words  of length n having bsn,k() = m and 1 = k + 1 − t .
In order to ﬁnd an explicit formula for the number of words in the set Amn,k (resp. Bmn,k), we need the following
notations. Given b1, b2, . . . , bs ∈ [k], deﬁne
amn,k(b1, . . . , bs) = #{ ∈Amn,k|1 . . . s = b1 · · · bs}, bmn,k(b1, . . . , bs) = #{ ∈ Bmn,k|1 . . . s = b1 · · · bs}.
If no confusion can arise, we will write amn,k (resp. bmn,k) instead of amn,k(∅) (resp. bmn,k(∅)), where amn,k(∅) (resp. bmn,k(∅))
is denoted the cardinality of the setAmn,k (resp. Bmn,k). Also, we deﬁne
An,k(b1, . . . , bs; q) =
∑
m1
amn,k(b1, . . . , bs)q
m−1, Bn,k(b1, . . . , bs; q) =
∑
m1
bmn,k(b1, . . . , bs)q
m−1
and
Ak(b1, . . . , bs; q, x) =
∑
n0
An,k(b1, . . . , bs; q)xn, Bk(b1, . . . , bs; q, x) =
∑
n0
Bn,k(b1, . . . , bs; q)xn.
Now we are ready to ﬁnd a recurrence relation for the generating functions Ak(j ; q, x) and Bk(j ; q, x).
Lemma 2.2. Let 1jk. Then
Ak(j ; q, x) = xq + xq
j−1∑
i=1
Bk(i; q, x) + x
k∑
i=j
Ak(i; q, x),
Bk(j ; q, x) = xq + x
j∑
i=1
Bk(i; q, x) + xq
k∑
i=j+1
Ak(i; q, x).
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Proof. From the deﬁnitions,
Ak(j ; q, x) = xq +
j−1∑
i=1
Ak(j, i; q, x) +
k∑
i=j
Ak(j, i; q, x)
= xq + xq
j−1∑
i=1
Bk(i; q, x) + x
k∑
i=j
Ak(i; q, x),
and
Bk(j ; q, x) = xq +
j∑
i=1
Bk(j, i; q, x) +
k∑
i=j+1
Bk(j, i; q, x)
= xq + x
j∑
i=1
Bk(i; q, x) + xq
k∑
i=j+1
Ak(i; q, x)
as claimed. 
Deﬁne Ak(v, q, x) =
k∑
j=1
Ak(j ; q, x)vj−1 and Bk(v, q, x) =
k∑
j=1
Bk(j ; q, x)vj−1.
Lemma 2.3. For all k1,
Ak(v, q, x) = xq(1 − v
k)
1 − v +
vqx
1 − v (Bk(v, q, x) − v
k−1Bk(1, q, x)) + x1 − v (Ak(1, q, x) − vAk(v, q, x)),
Bk(v, q, x) = xq(1 − v
k)
1 − v +
x
1 − v (Bk(v, q, x) − v
kBk(1, q, x)) + qx1 − v (Ak(1, q, x) − Ak(v, q, x)).
Proof. Multiplying the recurrence relations in the statement of Lemma 2.2 by vj−1 and summing over all possible
j = 1, 2, . . . , k we get that
Ak(v, q, x) = xq(1 − v
k)
1 − v + xq
k−1∑
j=1
vj − vk
1 − v Bk(j ; q, x) + x
k∑
j=1
1 − vj
1 − v Ak(j ; q, x)
= xq(1 − v
k)
1 − v +
vqx
1 − v (Bk(v, q, x) − v
k−1Bk(1, q, x)) + x1 − v (Ak(1, q, x) − vAk(v, q, x))
and
Bk(v, q, x) = xq(1 − v
k)
1 − v + x
k∑
j=1
vj−1 − vk
1 − v Bk(j ; q, x) + xq
k∑
j=1
1 − vj−1
1 − v Ak(j ; q, x)
= xq(1 − v
k)
1 − v +
x
1 − v (Bk(v, q, x) − v
kBk(1, q, x)) + qx1 − v (Ak(1, q, x) − Ak(v, q, x)),
as required. 
Theorem 2.4. The generating function Ak(1, q, x) is given by
q(1 − x − u + xuq)(uk − 1)
1 − x − u + xuq2 − q(1 − x)(1 − u)uk ,
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where
u = 2 − 2x + x
2 − x2q2 +
√
(2 − 2x + x2 − x2q2)2 − 4(1 − x)2
2(1 − x) .
Proof. Rewriting the statement of Lemma 2.1 in terms of generating function, we obtain that Bk(v, q, x) =
vk−1Ak(1/v, q, x). Substituting Bk(v, q, x) = vk−1Ak(1/v, q, x) in the statement of Lemma 2.3 we get that⎛
⎜⎝
1 − x
1 − v
xq
vk−1(1 − v)
− v
kqx
1 − v
1 + xv
1 − v
⎞
⎟⎠
(
Ak(1/v, q, x)
Ak(v, q, x)
)
= (1 − v
k)qx
1 − v
⎛
⎝
1
vk−1
1
⎞
⎠+ x
1 − v
⎛
⎝
q
vk−1
− v
1 − vkq
⎞
⎠Ak(1, q, x),
which is equivalent to⎛
⎜⎜⎝
1 − x
1 − v
xq
vk−1(1 − v)
0 1 − x + vx(q
2 − 1)
(1 − v)2
⎞
⎟⎟⎠
(
Ak(1/v, q, x)
A(v, q, x)
)
= (1 − v
k)qx
1 − v
⎛
⎜⎝
1
vk−1
1 − x(1 − vq)
1 − v
⎞
⎟⎠+ x1 − v
⎛
⎜⎝
q
vk−1
− v
1 − x(1 − vq
2)
1 − v − v
kq(1 − x)
⎞
⎟⎠Ak(1, q, x).
This implies that(
1 − x + vx(q
2 − 1)
(1 − v)2
)
Ak(v, q, x) = (1 − v
k)qx
1 − v
(
1 − x(1 − vq)
1 − v
)
+ x
1 − v
(
1 − x(1 − vq
2)
1 − v − v
kq(1 − x)
)
Ak(1, q, x).
This type of functional equation can be solved systematically using the kernel method [10] (for more details see
[1,5,8,12]). If we assume that v = 2−2x+x2−x2q2+
√
(2−2x+x2−x2q2)2−4(1−x)2
2(1−x) , then we obtain an explicit formula for the
generating function Ak(1, q, x), as required. 
A number of corollaries follow fromTheorem 2.4. For example, we can obtain explicit expressions for the generating
functions Amk (x) for the number of k-ary words  of length n having asn,k()=m. Theorem 2.4, when m is ﬁxed, gives
that Amk (x) is the coefﬁcient of q
m in Ak(1, q, x). Thus, we can state the following result.
Corollary 2.5. We have
A1k(x) =
1
(1 − x)k − 1,
A2k(x) =
1 − x
(2 − x)(1 − x)2k −
1
(1 − x)k +
1
2 − x ,
A3k(x) =
(1 − x)2
(2 − x)2(1 − x)3k −
(1 − x)
(2 − x)(1 − x)2k +
kx(x − 2) − 2x + 3
(2 − x)2(1 − x)k −
1
2 − x ,
A4k(x) =
(1 − x)3
(2 − x)3(1 − x)4k −
(1 − x)2
(2 − x)2(1 − x)3k +
2(1 − x)(1 − kx)
(2 − x)2(1 − x)2k
− 3 − 2x − kx(2 − x)
(2 − x)2(1 − x)k +
x2 − 3x + 3
(2 − x)3 .
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As a further application of Theorem 2.4we can obtain the mean and the variance of the longest alternating subsequence
in k-ary words.
Corollary 2.6. The mean of the length of the longest alternating subsequence in k-ary words of length n is given by
(n, k) = (k + 1)k
3 + kn+1((k − 2)(k + 1) + 2n(2k − 1)(k − 1))
6(k − 1)kn+2
and the variance of the length of the longest alternating subsequence in k-ary words of length n is given by
(n, k) = (k + 1)
(−5(k + 1)k5−2n + 2k3−na1 + a2)
180k3(k − 1)2 ,
where
a1 = −2k4 + 9k3 + 3k2 − 16k + 10 + (k − 1)(k3 − 5k2 − 14k + 10)n,
a2 = −k(k − 2)(13k2 − 13k + 2) + 4k(k − 1)(4k − 3)(2k − 1)n.
Proof. The explicit formula for (n, k)= 1
kn
∑
∈[k]nasn,k() can be obtained from the fact that the generating function∑
n0 (n, k)x
n is given by

q
Ak(1, q, x/k)|q=1 =
x((k + 1)(k + 2)x2 − 3(k + 3)xk + 6k2)
6k(k − x)(1 − x)2 .
Also, the second factorial moment 2(n, k) = 1kn
∑
∈[k]n asn,k()(asn,k() − 1) can be obtained from the fact that the
generating function
∑
n0 2(n, k)x
n is given by
2
q2
Ak(1, q, x/k)|q=1
= (k−1)(90k
3−180xk2−15(k2−k−8)x2k+6(k−2)(k+2)(k+1)x3−(k−2)(k+2)(k+1)x4)x2
90k2(k−x)2(1−x)3 .
Therefore, from the identity (n, k) = 2(n, k) + (n, k) − (n, k)2 we get the desired result. 
The above corollary gives that limk→∞ (n, k) = 4n+16 , n2, and limk→∞ (n, k) = 845n − 13180 , n4. We remark
that the mean and variance of the longest alternating subsequence in permutations of length n are given by 4n+16 and
8
45n − 13180 , respectively (see [13]). On the other hand, if we ﬁx the alphabet [k], where k2, and increase n to inﬁnity,
then we obtain by the above corollary that limn→∞ (n,k)n = 2k−13k and limn→∞ (n,k)n = (k+1)(4k−3)(2k−1)45k2(k−1) .
We now consider a further application of Theorem 2.4. Let Tn,k(q) =∑nj=0 ajn,kqj . For instance, for all k1 we
have that
T1,k(q) = kq,
T2,k(q) =
(
k + 1
2
)
q +
(
k
2
)
q2,
T3,k(q) =
(
k + 2
3
)
q + (k − 1)
(
k + 1
2
)
q2 + 1
3
(2k − 1)
(
k
2
)
q3,
T4,k(q) =
(
k + 3
4
)
q + 1
4
(7k + 10)
(
k + 1
3
)
q2 + 1
4
(11k − 6)
(
k + 1
3
)
q3 + 1
12
(5k2 − 5k + 2)
(
k
2
)
q4
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By Theorem 2.4 we have Tn,k(−1) = −k for all n, k1. In other words, for all n, k1 we have
#{ ∈ [k]n | asn,k() even} = k
n − k
2
and #{ ∈ [k]n | asn,k() odd} = k
n + k
2
.
A simple combinatorial proof of this fact follows from switching the last letter a (if it exists) in the word =′abb . . . b
with the subsequence bb . . . b of ; it is not hard to see that this operation either increases or decreases asn,k() by
one. This argument generalizes the argument which suggested by Bóna and Pylyvskyy in the case of permutations (see
[3,13]).
We end this section by presenting two directions of possible generalization of our work above. Recently Deutsch et
al. [9] found the limiting distributions of the longest increasing subsequence in random pattern-restricted permutations
in which the pattern is any one of the six patterns of length three. Can anything be said about the analogue for
alternating sequences, i.e., the limiting distributions of the longest alternating subsequence in random pattern-restricted
permutations in which the pattern is any one of the six patterns of length three. The same question can be asked for
k-ary words, i.e., the limiting distributions of the longest alternating subsequence in random pattern-restricted k-ary
words in which the pattern is any one of the six patterns of length three (see [6,7]).
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